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Abstract. Relativistic electron scattering by electromagnetic ion cyclotron

(EMIC) fluctuations is studied using test particle computations coupled to

a hybrid simulation code. The enhanced EMIC fluctuations are derived from

a one-dimensional, self-consistent hybrid simulation model and is due to the

growth of the ion cyclotron instability driven by the ion temperature anisotropy,

Ti⊥ > Ti‖, in a magnetized, homogeneous, collisionless plasma with a sin-

gle ion species. The test particle computations follow the motion of relativis-

tic test electron particles in the input EMIC fluctuations. The time evolu-

tion of the mean-square pitch-angle change is calculated and used to esti-

mate the pitch-angle diffusion coefficient. Finally the results are compared

with quasi-linear diffusion theory. The present study has applications to rel-

ativistic electron dynamics in the terrestrial magnetosphere.
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1. Introduction

Relativistic electrons, namely those with energies above 1 MeV, trapped in the Van

Allen radiation belts are a serious threat to the operation of spacecraft in the terrestrial

magnetosphere and have drawn increasing attention over the past decade [Baker , 2002].

The fluxes of such electrons are highly variable, especially during geomagnetic storms

[Friedel et al., 2002]. The variability of the relativistic electrons is due to a competition

between various loss and source processes [Reeves et al., 2003]. Understanding these

processes is essential to the study of the radiation belts.

Electrons in the radiation belts undergo three types of periodic motion (gyration,

bounce, and drift). Each of them corresponds to an adiabatic invariant, usually referred

to as the 1st, 2nd, and 3rd invariants, respectively [Schulz and Lanzerotti , 1974]. Wave-

particle interactions, in particular electron gyroresonance with ELF, VLF, and electro-

magnetic ion cyclotron (EMIC) waves, can violate the 1st and 2nd adiabatic invariants

and produce local acceleration and pitch-angle scattering of charged particles [Summers

et al., 1998; Reeves et al., 2003; Meredith et al., 2004; Shprits , 2009]. The pitch-angle

scattering may transport charged particles into the loss cone where they are removed by

collisions with atmospheric particles [Imhof , 1968; Selesnick et al., 2003].

Gyroresonant wave-particle interactions in the radiation belts have been usually studied

in terms of quasi-linear theory [Kennel and Engelmann, 1966; Lerche, 1968]. According to

this theory, the dynamics of radiation-belt particles is described by a Fokker-Planck-type

diffusion equation [Summers , 2005]. The diffusion coefficients in the diffusion equation

depend on the wave spectra and plasma properties. The evaluation of the diffusion co-
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efficients has been the focus of numerous studies [Lyons et al., 1971; Albert , 2003, 2005;

Glauert and Horne, 2005; Summers and Thorne, 2003; Summers , 2005]. It has been found

that gyroresonant interactions with waves at frequencies well below the resonant particles’

gyrofrequency result in diffusion primarily in pitch angle, while interactions with waves at

frequencies comparable with, or greater than, the resonant particle’s gyrofrequency can

cause diffusion in energy at rates comparable with or greater than pitch-angle diffusion

rates [Kennel and Engelmann, 1966; Lyons , 1974]. The present study concentrates on the

gyrosonant interactions of relativistic electrons with EMIC waves at propagation parallel

to the background magnetic field, for which pitch-angle scattering dominates.

EMIC waves with typical amplitudes of 1 to 10 nT are commonly present in the outer

radiation belts [Meredith and Anderson, 2003; Fraser and Nguyen, 2001]. They are excited

by the anisotropic (Ti⊥ > Ti‖, where the subscripts denote directions relative to the

background geomagnetic field) distribution of ring current ions [Cornwall , 1965; Mauk

and McPherron, 1980; Anderson et al., 1996]. The equatorial region along the high-

density duskside plasmapause is a preferred region for EMIC wave excitation [Horne and

Thorne, 1993; Fraser and Nguyen, 2001]. EMIC waves propagate at frequencies below

the proton gyrofrequency and can resonate with relativistic electrons to cause pitch-angle

scattering and, consequently, precipitation loss to the atmosphere. Observations show

direct evidence of the link between relativistic electron losses and EMIC waves [Millan

and Thorne, 2006].

Quasi-linear theory has been very successful in the study of radiation-belt particle dy-

namics [Kennel and Petschek , 1966; Lyons et al., 1972; Thorne et al., 2005]. However,

quasi-linear theory has its natural limits owing to the weak turbulence approximation and

D R A F T August 4, 2009, 11:21am D R A F T



LIU ET AL.: RELATIVISTIC ELECTRON SCATTERING BY EMIC FLUCTUATIONS X - 5

the assumption of a uniformly-magnetized, homogeneous, collisionless background plasma

involved in its derivation [Kennel and Engelmann, 1966]. Using a test particle code, the

present study aims to understand the scattering processes at a more fundamental level.

The test particle code follows the motion of relativistic test electron particles under any

arbitrary input EMIC fluctuations. The time evolution of the mean-square pitch-angle

change of the electrons is then calculated and used to estimate the pitch-angle diffu-

sion coefficient. Finally the results are compared with quasi-linear diffusion theory. The

present simulations are carried out in 1D (one spatial dimension, but all three velocity

components retained), i.e., only field-aligned EMIC waves are involved.

This paper is organized as follows: section 2 introduces the results of quasi-linear diffu-

sion theory on relativistic electron scattering by field-aligned EMIC waves and proposes a

method to calculate the the pitch-angle diffusion coefficient directly from the test particle

simulations; section 3 briefly describes the simulation model and presents the simulation

results; we discuss the results in section 4; and the conclusions are summarized in section

5.

2. Quasi-linear Diffusion Theory

For field-aligned EMIC waves, the electron diffusion is essentially in pitch angle only

and can be described by a pure pitch-angle diffusion equation,

∂f(α, t)

∂t
=

1

sin α

∂

∂α

(
Dαα sin α

∂f(α, t)

∂α

)
, (1)

where, α is pitch angle, t is time, f(α, t) is the spatially uniform, zeroth-order, gyrophase-

averaged electron distribution function and
∫ π
0 f(α, t) sin αdα = 1, and Dαα is the pitch-

angle diffusion coefficient, which is in general a function of α.
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The rigorously exact diffusion coefficients, within the limits of quasi-linear theory, for

parallel-propagating electromagnetic waves of general spectral density W (k) have been

given by Summers [2005] (equations (17)-(19) and (27)-(28)). The evaluation of these

expressions requires the dispersion relation for field-aligned (L-mode) EMIC waves and

the resonance condition. The resonance condition for relativistic electrons with parallel-

propagating L-mode EMIC waves of frequency ω and wave number k is,

ω − kv‖ = −Ωe/γ, (2)

where γ = 1/
√

1− v2/c2 is the Lorentz factor, c is the light speed, v =
√

v2
‖ + v2

⊥ is

the electron speed, Ωe = eB0/me (e is the electron charge in absolute value, B0 is the

background magnetic field) is the electron gyrofrequency. The first term ω on the left-hand

side can be safely neglected in equation (2) for relativistic electron resonant interactions

with field-aligned EMIC waves, so

kv‖ = Ωe/γ. (3)

Equation (3) requires electrons to be “co-streaming” with EMIC waves in order to have

resonance, which is opposite to the usual requirement for resonance with field-aligned

whistler waves, as noticed by Albert and Bortnik [2009]. Furthermore, equation (3) defines

a minimum wavenumber kmin = Ωe/γv that only wave modes with k > kmin can resonate

with electrons of given energy.

The neglecting of ω in equation (3) makes the dispersion relation for field-aligned EMIC

waves not needed in evaluating the pitch-angle diffusion coefficient given by Summers

[2005] for relativistic electron scattering by parallel-propagating EMIC fluctuations. The
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pitch-angle diffusion coefficient simplifies to,

Dαα(α) =
π

2

Ωe

γ

kW (k)

W0

, (4)

where k is the resonant wavenumber given by equation (3), W (k) is the wave magnetic

field spectral density defined by,

Wtot =
∫ k2

k1

W (k)dk, (5)

Wtot is the total wave magnetic energy density, and W0 is the background magnetic field

energy density. Equation (4) is the same as the approximate expression in the work of

Summers and Thorne [2003] (equation (8)) except for the extra factor π/2, which has

also been noticed by Summers [2005].

In the following part, we derive an expression which enables us to determine Dαα from

the results of our test-particle computations. If f(α, t = 0) = δ(α−α0)/ sin α0 is assumed

(1/ sin α0 is a normalization factor), then from equation (1), the time derivative of the

mean-square pitch-angle change is given by,

∂∆α2

∂t
=

∂
∫ π
0 (α− α0)

2f(α, t) sin αdα

∂t

=
∫ π

0
(α− α0)

2 sin α
∂f(α, t)

∂t
dα

=
∫ π

0
(α− α0)

2 ∂

∂α

(
Dαα sin α

∂f(α, t)

∂α

)
dα

= (α− α0)
2Dαα sin α

∂f(α, t)

∂α

∣∣∣∣∣
π

0

− 2(α− α0)Dαα sin αf(α, t)|π0

+2
∫ π

0
Dααf(α, t) sin αdα

+2
∫ π

0
(α− α0)Dααf(α, t) cos αdα

+2
∫ π

0
(α− α0)f(α, t)

∂Dαα

∂α
sin αdα (6)

D R A F T August 4, 2009, 11:21am D R A F T



X - 8 LIU ET AL.: RELATIVISTIC ELECTRON SCATTERING BY EMIC FLUCTUATIONS

If f(α, t) and ∂f(α,t)
∂α

are finite at α = 0, π, which generally is true, the first two terms

are 0. The last term appears if the diffusion coefficient has dependence on α. If Dαα is a

constant for simplicity, Equation (6) becomes,

∂∆α2

∂t
= 2Dαα + 2Dαα

∫ π

0
(α− α0)f(α, t) cos αdα. (7)

Interestingly, besides the expected first term similar to the Einstein relation for Brownian

motion [Ivanov , 1965; Lemons , 2002], equation (7) has an extra term on the right-hand

side. The extra term causes the time evolution of the mean-square pitch-angle change to

depart from a linear growth with time. This departure can be easily verified by solving

the pitch-angle diffusion equation numerically (not shown).

The last two terms in equation (6) both have a factor of (α− α0)f(α, t). Their contri-

bution is negligible in the early stage when f(α, t) has not spread significantly from the

initial f(α, t = 0) = δ(α− α0)/ sin α0. Therefore, equation (6) simplifies to,

∂∆α2

∂t
= 2

∫ π

0
Dααf(α, t) sin αdα ≈ 2Dαα(α0). (8)

Equation (8) suggests that, in the early stage, the mean-square pitch-angle change grows

approximately linearly with time and the pitch-angle diffusion coefficient can be estimated

from the growth rate,

Dαα(α0) =
∆α2(t2)−∆α2(t1)

2∆t
, (9)

where ∆t = t2 − t1.

After the early stage, f(α, t) spreads from the initial f(α, 0) = δ(α − α0)/ sin α0. The

contribution of the last two terms in equation (6) increases. The time evolution of the

mean-square pitch-angle change begins to depart from a linear growth significantly. Tech-

nically, the time this significant departure happens, referred to as the departure time, τd,
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gives the maximum of ∆t to estimate the diffusion coefficient using equation (9). On the

other hand, in analogy to the concept of the finite correlation time of particle velocity in

Brownian motion [Ivanov , 1965], the pitch-angle change at every small time increment is

random only when the time-increment length is above a finite correlation time, τc. τc gives

the minimum time limit when a linear growth of the mean-square pitch-angle change can

be expected. At t < τc, the scattering process is not stochastic and cannot be described

by a Fokker-Planck-type diffusion equation. Naturally, τc ¿ τd is required for equation

(1) to be applicable. τc < t < τd gives the time range during which the mean-square

pitch-angle change grows linearly with time and equation (9) can be used to calculate the

pitch-angle diffusion coefficient from the test particle simulations.

3. Test Particle Simulations

A test particle code has been developed to study pitch-angle diffusion by EMIC waves.

The code allows arbitrary EMIC wave input and follows the motion of relativistic test

electron particles using the particle-in-cell technique and the relativistic version of the

Boris scheme [Boris , 1970; Birdsall and Langdon, 1985]. The time evolution of the mean-

square pitch-angle change is then calculated and used to estimate the pitch-angle diffusion

coefficient using equation (9).

In order to address the problem of relativistic electron scattering by EMIC waves in

the radiation belts, the present study takes an EMIC wave input from a one-dimensional,

self-consistent hybrid simulation model. The waves are generated from the ion cyclotron

instability driven by the ion temperature anisotropy, Ti⊥ > Ti‖, in a magnetized, homo-

geneous, collisionless, electron-proton plasma. A detailed description of the hybrid model

was given by Winske and Omidi [1993]. The hybrid model has been successfully applied
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to the study of the ion cyclotron instability [McKean et al., 1992, 1994; Gary and Winske,

1996; Gary et al., 1997].

The input EMIC waves for the present test particle simulation cases come from a one-

dimensional hybrid simulation run. The simulation domain is in the direction of the

background magnetic field B0, that is, in the x direction. The system is periodic and its

size is Lx = 2000λi, where λi =
√

mi/n0µ0e2 is the ion inertial length (n0 is the background

plasma density). There are Nx = 2048 grids and 100 ions in each grid. Lx = 2000λi and

Nx = 2048 are chosen so that there are enough wave modes to resonate with electrons in

the test particle simulation. This is necessary because quasi-linear theory does not apply

to a single wave mode [Kennel and Engelmann, 1966] and requires broad wave spectra.

The other relevant input parameters are Ti⊥/Ti‖ = 4.88, βi‖ = 0.1, and c/VA = 900 where

βi‖ = n0Ti‖/(B2
0/2µ0) and VA = B0/

√
µ0n0mi is the Alfvén velocity. In order to drive

the ion cyclotron instability hard to get a good signal-to-noise ratio, Ti⊥/Ti‖ is chosen to

be large relative to its typical value (1.5 ∼ 2) in the ring current. One should also note

that, in the hybrid simulation, Ti⊥/Ti‖ drops to about 3 when the system reaches the

quasi-steady state.

The waves generated by the above described hybrid simulation run are displayed in

Figure 1. The top panel displays By/B0 versus x for 0 ≤ x ≤ Lx/10 = 200λi at t = 75Ω−1
i

(Ωi = eB0/mi is the proton gyrofrequency) when the system has reached a quasi-steady

state. The bottom panel gives the spectral densities for By, Bz components and the total

EMIC waves (time averaged between t = 75Ω−1
i and t = 77Ω−1

i , during which the EMIC

waves are taken as input for the test particle simulation cases displayed). As expected,

the By, Bz components have approximately the same spectral density. In addition, the
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vertical dash line in the bottom panel marks the wavenumber kmin = Ωe/γv = 0.42λ−1
i

above which the test electrons of 2MeV can resonate with the wave modes. kmin comes

from the resonance condition equation (3), as discussed in section 2.

The test particle simulations use most of the simulation parameters from the above

mentioned hybrid simulation which generates the input EMIC waves: Lx = 2000λi, Nx =

2048, c/VA = 900. The test particle code also introduces a wave amplitude rescaling factor

R so the EMIC wave amplitude can be freely adjusted to explore the effect of the wave

amplitude on electron scattering. The effective wave spectral density in a test particle

simulation is the input wave spectral density in Figure 1 multiplied by R2. The system

has 8000 test electrons, enough to make the present results statistically significant. The

test electrons are initialized to have the same kinetic energy 2MeV, the same pitch angle

α0, but random phase angle θ and position x. The test particle code follows the motion

of these electrons and gives the time evolution of the mean-square pitch-angle change.

Figure 2 presents the time evolution of the mean-square pitch-angle change for electrons

with different initial α0 when the wave amplitude rescaling factor R = 0.05. During the

time range shown in Figure 2, the time evolutions of the mean-square pitch-angle change

for electrons with different initial α0 are all close to a linear growth with time. Unlike

the pitch angle but as expected from quasi-linear theory, the energy of each test electron

does not change significantly [Kennel and Engelmann, 1966; Lyons , 1974].

Since the mean-square pitch-angle change for electrons with different initial α0 in Figure

2 are all approximately linear in time, we take the mean-square pitch-angle changes at the

beginning and the end of each run for simplicity (in these runs, τc is negligible compared

with ∆t), and estimate the pitch-angle diffusion coefficient using equation (9). The results

D R A F T August 4, 2009, 11:21am D R A F T



X - 12 LIU ET AL.: RELATIVISTIC ELECTRON SCATTERING BY EMIC FLUCTUATIONS

are shown in Figure 3 along with the diffusion coefficients given by quasi-linear theory

equation (4) based on the total wave spectrum in Figure 1 with the wave amplitude

rescaling factor R = 0.05. The diffusion coefficients given by the test particle simulation

agree with the ones from quasi-linear theory very well. In addition, it is worth mentioning

that the test electrons eventually reach a flat distribution (f(α) =constant) for all the

runs with different α0, if the simulation time is long enough. This is a natural equilibrium

state and is also expected from equation (1).

Figure 4 displays the electron distribution function f(α) at t = 0.05Ω−1
i for the case

α0 = 45◦ in Figure 2. The gray solid line with dots as data marker shows the simulation

result, while the black dashed line displays the best Gaussian fit with a mean of 44.999◦

and a standard deviation of 1.1515◦. In the early stage, f(α) gradually spreads from the

initial f(α, 0) = δ(α− α0)/ sin α0. It maintains an approximate Gaussian shape and very

symmetric about α0. According to equation (8), the variance of f(α) increases linearly

with time at an approximate rate of 2Dαα(α0). At α0 = 45◦, the test particle simulation

gives Dαα(α0) = 4.3×10−3Ωi. This corresponds to a variance of 4.3×10−4 at t = 0.05Ω−1
i ,

which is equivalent to a standard deviation of 1.2◦ and very close to the standard deviation

of the Gaussian fit in Figure 4.

The discussion about the correlation time, τc, and the departure time, τd, in section

2 shows that linear growth of the mean-square pitch-angle change in time can only be

expected during the time period, τc < t < τd. In Figure 2, we can safely take the mean-

square pitch-angle changes at the beginning (t1 = 0) and the end (t2 = 2Ω−1
i ) of each

run to calculate the pitch-angle diffusion coefficient using equation (9) because τc is small

compared to the chosen ∆t = t2 − t1 = 2Ω−1
i . When R becomes large, it is found that
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the correlation time, τc, and the departure time, τd, approach each other. Figure 5 shows

the time evolution of the mean-square pitch-angle change for electrons with α0 = 45◦

when R = 1. After an initial period (t ≤ 0.01Ω−1
i ) of nonlinear growth related to τc,

the mean-square pitch-angle change increases linearly with time and starts to bend over

around t = 0.025Ω−1
i corresponding to τd. In this case, the diffusion coefficient has to

be calculated strictly from the slope of the linear growth range using equation (9), which

gives Dαα = 1.4Ωi.

To explore the effect of the wave amplitude on electron scattering, we fix α0 at 45◦

and change R from 0.00001 to 10. The pitch-angle diffusion coefficient at each R is

calculated using equation (9) as discussed above and plotted in Figure 6 (solid line with

dots as data marker). Quasi-linear theory predicts that the diffusion coefficient increase

with wave spectral density and is proportional to R2 (shown as dashed line in Figure

6). The test particle simulation results generally agree with quasi-linear theory except

at large R when the wave amplitude is comparable with or greater than the amplitude

of the background magnetic field. The discrepancy at large R is expected because weak

turbulence approximation does not hold when the wave amplitude is so large.

4. Discussions

Linear growth in time of the mean-square pitch-angle change can only be expected

when τc < t < τd, but how to exactly determine τc and τd remains unknown. If we assume

that Dαα has no dependence on pitch angle, the departure of the time evolution of the

mean-square pitch-angle change from the linear growth begins when the second term on

the right-hand side of equation (7) becomes comparable with the first term. As shown in

Figure 4, for t < τd, f(α) slightly spreads from the initial f(α, 0) = δ(α−α0)/ sin α0, but
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maintains an approximate Gaussian shape and is about symmetric about α0. Therefore,

the ratio of the second term to the first term on the right-hand side of equation (7),

∫ π

0
(α− α0)f(α, t) cos αdα

≈
∫ π

0
(α− α0)f(α, t)[cos α0 − sin α0(α− α0)]dα

=
∫ π

0
(α− α0)f(α, t) cos α0dα

−
∫ π

0
(α− α0)

2f(α, t) sin α0dα

≈ 0−
∫ π

0
(α− α0)

2f(α, t) sin αdα

≈ −2Dαα(α0)t. (10)

The last step in equation (10) used the approximation that the variance of f(α) increases

linearly with time at a rate of 2Dαα(α0), according to equation (8). Equation (10) shows

that the ratio of the second term to the first term on the right-hand side of equation

(7) is negative and its absolute value increases at a rate of 2Dαα(α0) with time. This

suggests that τd is inversely proportional to Dαα(α0). From equation (4), τd would be

inversely proportional to the wave spectral density and consequently R2 in the test particle

simulation. If we further define τd as the time when the ratio of the second term to the

first term on the right-hand side of equation (7) is 0.1, then τd = 0.1/2Dαα(α0). This

gives τd = 3.6× 10−2Ω−1
i for the case shown in Figure 5. As shown in Figure 5, this is a

rather good estimation if we take into account the effect of τc. In addition, the decrease

of the growth rate of the mean-square pitch-angle change at the departure time in Figure

5 is also in agreement with equation (10).

The evaluation of τc involves statistical analysis and is not well understood. Our pre-

liminary analysis of the test particle simulations shows that τc decreases with increasing

D R A F T August 4, 2009, 11:21am D R A F T



LIU ET AL.: RELATIVISTIC ELECTRON SCATTERING BY EMIC FLUCTUATIONS X - 15

wave amplitude and seems to suggest that τc ∝ 1/
√

R. If so, τd ∝ 1/R2 decreases faster

than τc when R increases. τc would become comparable with τd when R is large enough.

When this critical R, referred to as RC , is reached, equation (1) of the pitch-angle diffusion

equation is not applicable and quasi-linear theory fails. At the same time, the numerical

method proposed in the present study, i.e., using equation (9) to calculate pitch-angle

diffusion coefficient, becomes invalid, since the time range of a linear growth of the mean-

square pitch-angle change, τc < t < τd, cannot be found. However, the result in Figure 6

suggests that quasi-linear theory starts to fail before the critical RC is reached, possibly

owing to the breakdown of the weak turbulence approximation first.

In Figure 1, only wave modes with k > kmin = 0.42λ−1
i can resonate with electrons

of 2 MeV. Electrons of smaller energy correspond to even larger kmin (for 1 MeV elec-

trons, kmin = 0.73λ−1
i ). This implies that geophysically interesting relativistic electrons

(≤2MeV) resonate with EMIC waves of relatively large k only. Linear theory of the ion cy-

clotron instability [Gary , 1993] shows that the most unstable wavenumber, k0, increases

with increasing ion temperature anisotropy, Ti⊥/Ti‖, and decreases with increasing βi‖.

This suggests that a large Ti⊥/Ti‖ and a small βi‖ are desirable in order to excite unstable

EMIC wave modes which can resonate with geophysically interesting relativistic electrons

(k0 > kmin). In addition, equation (3) can be written into a dimensionless form,

k̃ṽ‖
c

VA

= Ω̃e/γ, (11)

where k̃ = kλi, ṽ‖ = v‖/c, Ω̃e = Ωe/Ωi = mi/me. By doing this, Ω̃e is fixed and it

is clear that a large c/VA can effectively reduce kmin. Since βi‖ = n0Ti‖/(B2
0/2µ0) and

VA = B0/
√

µ0n0mi, βi‖ and c/VA both increase as n0/B
2
0 increases. Consequently, both

k0 and kmin decrease. Fortunately, the dependence of k0 on βi‖ is relatively weak. The
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net effect of increasing n0/B
2
0 is the enhancement of the condition k0 > kmin. To sum up,

in the radiation belts, strong pitch-angle diffusion of geophysically interesting relativistic

electrons by EMIC waves can be expected in regions of large Ti⊥/Ti‖, small Ti‖ and large

n0/B
2
0 . The last criterion, large n0/B

2
0 , is equivalent to a low value of the parameter

α∗ = Ω2
e/ω

2
pe in the work of Summers and Thorne [2003], where ωpe =

√
n0e2/ε0me is

the electron plasma frequency. It can be found in regions of high plasma density and low

magnetic field, such as the duskside plasmasphere or within detached plasma regions at

high L-values, as pointed out by Summers and Thorne [2003].

The present study was carried out in 1D, which makes the comparison with quasi-

linear theory easier, as the expression for pitch-angle diffusion coefficient from quasi-

linear theory becomes difficult to evaluate when waves propagating at arbitrary angles

to the background magnetic field are present. Still, it would interesting to extend the

current study beyond 1D. In addition, the present work uses a uniformly-magnetized,

homogeneous background plasma, which is also an assumption of quasi-linear theory.

When the characteristic scales of the background magnetic field and plasma inhomogeneity

are much larger than the relevant EMIC wavelength, one may take the local diffusion

coefficients given by quasi-linear theory and may calculate the bounce-averaged and drift-

averaged (over MLT) diffusion coefficients [Lyons et al., 1972; Shprits et al., 2006]. This

method falls into question when the characteristic scales of the background magnetic field

and plasma inhomogeneity become comparable or even smaller than the relevant EMIC

wavelength. Using a single wave mode, Albert and Bortnik [2009] demonstrated strong

nonlinear interaction of relativistic electrons with moderate-amplitude EMIC waves when

the inhomogeneity of the background magnetic field is considered. Similarly, Bortnik
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et al. [2008] showed nonlinear interaction of relativistic electrons with large amplitude

whistler-mode waves when the background magnetic field and plasma inhomogeneity is

included. Of course, their work used a single wave mode only and quasi-linear theory does

not apply. This makes the results not straightforward to relate to quasi-linear theory.

5. Summary

Relativistic electron scattering has been studied using a hybrid simulation to gener-

ate enhanced EMIC waves and a test particle computation to determine the electron

response. The one-dimensional, self-consistent hybrid simulation computes the growth of

the ion cyclotron instability driven by the ion temperature anisotropy, Ti⊥ > Ti‖. The test

particle code follows the motion of relativistic test electron particles in the input EMIC

fluctuations. The time evolution of the mean-square pitch-angle change is calculated and

used to estimate the pitch-angle diffusion coefficient. The results agree with quasi-linear

diffusion theory very well except for very large amplitude waves when the weak turbulence

approximation in quasi-linear theory breaks down.
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Figure 1. The input EMIC waves of the test particle simulation. The top panel displays

By/B0 versus x for 0 ≤ x ≤ Lx/10 = 200λi at t = 75Ω−1
i . The bottom panel gives

the spectral densities for By, Bz components and the total EMIC waves (time averaged

between t = 75Ω−1
i and t = 77Ω−1

i , during which the EMIC waves are taken as input for

the test particle simulation cases displayed). The vertical dash line marks the wavenumber

kmin = Ωe/γv = 0.42λ−1
i above which the test electrons of 2MeV can resonate with the

wave modes. Decided by the resonance condition equation (3), electrons of 2MeV cannot

resonate with wave modes k < kmin.
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Figure 2. The time evolution of the mean-square pitch-angle change for electrons with

different initial pitch angle α0.
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Quasi−linear Theory
Simulation Results

Figure 3. The comparison of the pitch-angle diffusion coefficients between quasi-linear

theory and simulation results.
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Figure 4. The electron distribution function f(α) at t = 0.05 for the case α0 = 45◦

in Figure 2. The gray solid line with dots as data marker shows the simulation result,

while the black dashed line displays the best Gaussian fit with a mean of 44.999◦ and a

standard deviation of 1.1515◦.
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Figure 5. The time evolution of the mean-square pitch-angle change for electrons with

α0 = 45◦ when R = 1.
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Figure 6. The dependence of the pitch-angle diffusion coefficient on the wave ampli-

tude rescaling factor R. The solid line with dots as data marker shows the test particle

simulation results, while the dashed line is from quasi-linear theory.
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